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Several results concerning the generation of all the n-connected graphs from Kfi+1 
are presented. Necessary and sufficient conditions for two types of operations, 
soldering and point splitting, to preserve n-connectivity are given. 
I. INTRODUCTION 
Much work has been done to examine the structure and to obtain con- 
structive characterizations of the classes of n-connected graphs. The best 
known constructive characterizations are those of Tutte, who obtains all 
three connected graphs from the wheels [6], and Hedetniemi, who obtains 
all two connected graphs from KS [4]. In [l], Barnette shows how to generate 
all the duals of the planar 4-connected graphs from the graph of the cube. 
The present work is a continuation of the results in [5], in which the 
author investigates the problem of generating the n-connected graphs from 
K n+l . All graphs considered are simple graphs (undirected and without loops 
or multiple edges), and terminology follows that in [3]. 
In [5] it was shown how to generate all a-connected graphs from Km+1 
for FZ = I, 2, 3 and 4. Extensive use was made of Halin’s theorem [2] which 
guarantees a point of degree n in a minimally n-connected graph, and the 
operations I used were of two types-soldering and point splitting. In this 
paper necessary and sufficient conditions for these operations to yield an 
n-connected graph H from n-connected graph G are given. Even further 
generalizations of “splittings” are possible, and several possible directions 
for this are given. 
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2. POINT SPLITTING 
Graph H is minimally n-connected if it is n-connected and H-m is not 
n-connected for any line uv of H. Clearly the addition of any line to an 
n-connected graph produces another fz-connected graph. Consequently the 
class of H-connected graphs may be obtained from the class of minimally 
n-connected graphs by the operation of line addition. 
Halin’s theorem can be used as the basis of an inductive argument to show 
that a set of operations will suffice to generate all Jf-connected graphs from 
K n+15 so far, for n = 1, 2, 3, 4. Allowing line addition as one of the opera- 
tions, consider graph H which is minimally n-connected and contains point u 
of degree n. Label the points adjacent to u as 1,2,..., n - 1 and n. The 
induction argument depends npon showing that there is an n-connected 
graph G with fewer points than H and showing that i?l is obtainable from G 
by one of the operations that are listed. Naturally each operation must 
always preserve n-connectivity. Toward this end, Hui (respectively, Huij) 
denotes the graph obtained from H by identifying points u and i (respectively, 
U, i andj). 
The operations necessary to get from Hui (and HuJ to H involve “splitting” 
the point ‘W’ (and “~ij”) into two (respectively, three) points. Several 
splitting operations of this type are defined in [5]. 
In general a point u which is adjacent to points v1 , vz ,..., V~ may be replaced 
by two or more points, u1 , uz ,..., la7 , that form a KT if a proper selection of 
edges between {z+ , Us ,..., Us} and {vl, Us ,..., v~} is made. The edges must be 
selected so that no subset of {Us, Us ,..., uY} can be disconnected from the 
rest of the graph by removing n - I points. In particular, each tid must have 
degree at least n. Because of the following theorem, I will only be concerned 
with the cases when 2 < r < n. 
THEOREM 1. If G is a minimally n-connected graph with at least n -+ 2 
points, then G does not contain a Kn+l . 
ProoJ Suppose U = {ul, Us ,..., u~+~> is a set of points in G with 
<% 3 u2 ,.**, %&+d = &+I * Since 1 G 1 2 n + 2 there is a point p adjacent to 
some Us , say p adj ~4~ . In G there are n paths Pl , P2 ,..., Pn , where each Pi 
is a path from p to U and PC n Pi = { p} when i # j. One may assume that 
Us is the first point of U on P< . Now u1 ~ ti2 and u1 , us , Us and ... and u1 , 
U n+13 Us along with u1 ,p,..., u2 (using P2) are n + I point disjoint u~-u~ paths. 
This implies that G-u~u~ is n-connected and contradicts the fact that G is 
minimally n-connected. Consequently no such U exists. l 
Suppose u E G and u is adjacent to v1 ,..., vt where t > n. Let H be the 
graph obtained from G by replacing u by a KT, say on points ul, u2 ,..., ur , 
where 2 < r < n and for each cd make vi adjacent to exactly one Us . If 
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deg Up > n in H, then H will be said to be obtained from G by r-fold-n-point- 
spzitting. This generalizes Tutte’s point splitting which consists of 2-fold-3- 
point-splitting. Since this operation is a special case of the one described in 
Theorem 3, a separate proof of Theorem 2 will not be presented. 
THEOREM 2. If G is n-connected and H is obtained from G by r-fold-n- 
point-splitting, then H is n-connected. 
Requiring that each Us be made adjacent to only one u$ necessitates using 
a point u of degree at least r(n - r + 1). This is an unnecessary restriction, 
and the next theorem will generalize Theorem 2. 
THEOREM 3. Suppose G is n-connected with u E G where u is aqacent to 
points vI , vz ,..., .i v where t > n. Let H be the graph obtained by replacing u 
by points uI ,..., Us where 2 < r < n with (uI ,..., u?) = KT in H with every vi 
adjacent to at least one Us . Then His n-connected $and only $for every k point 
set T of R = {uI ,..., Us] there are at /east n - r + k points in {vI ,..., ~$1 
adjacent to at least one element of T where 1 < k < r. 
ProoJ Suppose there is a k point set of R adjacent to no more than 
n - r + k - 1 points of {vl ,..., ~$1. Let S contain the other r - k points of 
R and the points of {vl ,..., VJ adjacent to at least one of the k points. Then 
ISi <(r-k)+(n-r+k-1)= n - 1 and S disconnects the k points 
from any vi not in S. So H would not be n-connected. 
For the converse, let S be any n - 1 point set of H. If S does not contain 
any uj, then G-S is connected implies that H-S is connected. Suppose S 
contains at least one Us . Since t > n, there is at least one vi in H-S, say v1 . 
Any other vi in H-S has n paths to v1 in G. Now S cannot contain more than 
n - 2 points of G-u. So there is a path PVCOI in G-u-S, and this path is also 
in H-S. Thus vi is connected in H-S to v1 . Any w in H-Iv1 ,..., vi , ul ,..., u?} 
has n paths to {vl ,..., v6} in G-u. Consequently in H-S point w is still con- 
nected to some vi and hence to v1 . If there are k points in R-S, then by 
assumption these points are adjacent to n - r + k points of {vl ,..., v~} 
in G. Since only (72 - 1) - (r - k) points of {vl > .. . . VJ can be in S, {vl ,..., VJ 
has at least (7~ - r -/- k) - (n - I - r + k) = 1 point adjacent to at least 
one of the k points in R-S. Thus these k points are connected in H-S to some 
vi and hence to v1 . B 
A further generalization is to consider replacing u by a (connected) graph F 
other than KY . The following generalization of Theorem 2 is given without 
proof. Let K(G) denote the connectivity of graph G. 
THEOREM 4. Suppose u E G and u is adjacent to vI , vz ,..., V~ . Let H be the 
graph obtained from G by replacing u by a connected graph F, say on points 
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Ul 3 % ,..‘, % , where K(F) = s, andfor each vi make C~ adjacent to exactly one 
Us . If G is n-connected and each Us is adjacent in H to at Ieast n-s of the vi’s, 
then H will be n-connected. 
3. SOLDERING 
THEOREM 5 [5]. Suppose H is n-comected with u F H where deg u = n and 
1 H 1 > n + 2. VG is the graph obtainedfrom H by deleting u and adding all 
edges between any two points adjacent to u, then G is also n-connected. 
Since we are concerned with a constructive characterization of the class of 
B-connected graphs and Hahn’s theorem guarantees a point of degree n in a 
minimally n-connected graph, the above theorem can always be used to 
re:?uce an n-connected graph H to an n-connected graph G with one fewer 
points. The problem is to decide under what conditions will going from G to 
H always preserve n-connectivity. That is, if one has a K% in an n-connected 
graph G and adds a point u adjacent to these n points, what edges may be 
removed if one is to preserve fz-connectivity? The operation to be defined 
will be called n-soldering. 
Let G be an n-connected graph, and let N = {I, 2,..., n} be a set of points 
in G with (N) = Kn . Then n-soldering consists of obtaining a graph Jl by 
adding a point u adjacent to 1,2,..., n and deleting any set of edges from (N) 
so that one guarantees that deg i > n for 1 < i < n and (N) in H is in a 
specified subset Fn of the set of graphs on n points. One wants I’m to be the 
largest set possible that guarantees that H will also be n-connected. As seen 
in [Sj, I’n is all of the graphs on a-points when n = I, 2 or 3, and r, contains 
eight of the 1 I graphs on four points. 
Consider two points v and w of G and the n point disjoint paths between 
them. It is possible that these paths use as many as [n/2] independent edges 
from (iv). By adding point u one can delete one of these edges and still have 
n disjoint v-w paths. Let E denote a set of edges from {N) = Kn . If Kn-E is 
in rn then one expects the following property to hold. 
Property A. Given any set T of k independent edges yIq , yzzz ,..., ykzk 
from E where 2 < k < [n/L?], one has in Kn-E at least k - I independent 
edges, each from a yi to a Z~ . 
Restricting our attention to the case k = 2, one has the following. 
Property B. If yIzl and yszs are independent edges in E, then Kn-E 
contains at least one of yIzz and yzzI . 
PROPOSITION 6. Properties A and B are equivalent. 
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ProoJ Clearly A implies B. Assume E satisfies Property B and ylzl ,..., yhzIc 
are independent edges from E. Induct on k. If k = 2 then B implies A. 
For k > 3, by induction there are k - 2 independent edges connecting 
{Yl >..., ~4 and -h ,..., qpl] in Kn-E. If there are actually k - I, then we 
have Property A. If not, pick such a set of k - 2 edges, and let JJi and Z~ be 
the points not on any of these edges. Now yizi and ykzk are in E. By Property B 
either yizk or ykzj is in Kn-E. This and the k - 2 previous edges from Kn-E 
satisfy Property A. 1 
Now let F = Kn-E. It is clear that E satisfies Property B if and only if F 
does not contain a Cd , where F (the complement of F) has point set Iv and 
edge set E. 
THEOREM 7. Graph F on points I, 2,..., n is in Tn $and only if p does not 
contain a C4 . 
ProoJ Suppose p contains edges 12, 23, 34 and 41. Form a graph G on 
points 1, 2 ,..., n, pi, z+ , w1 ,..., We, z+ ,,.., Us as in Fig. 1. That is, form a 
FIG. 1. An example where one cannot solder. 
K n+z on {l, 2 ,.,., n} u {ZQ , uz>, add the edges connecting each Wi to 5 ,..., n, 
1,3, u1 and uz , and add the edges connecting each vi to 5 ,..., n, 2,4, q and uz . 
G is clearly n-connected. Now remove the edges of F from (1, 2,..., n) and 
add point u adjacent to 1, 2,..., n - I and n to obtain graph H. Note that 
ff-h 3 7h , 5Y.Y n, u} is disconnected. Also in H one has deg i > n + 3 for 
i = I, 2, 3 and 4 (for example, 1 is adjacent to ~2~ ,..., We , z+ , Us and u), and 
deg i 2 2n + 3 for i = 5 ,..., n. Thus F ~6 Fn . 
For the converse suppose that p does not contain a Ca. Let F = Kn-E. 
Let H be obtained from n-connected graph G by adding point u adjacent to 
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1, 2,..., n. Further suppose that we made <1,2,..., n) = F in H and that 
deg i 2 n in H for 1 < i < n. 
AssumeSisasetofn-lpointsofH.IfpEHandp#i(l <i<n) 
there are disjoint paths p1 ,..., Pn in H from p to i for 1 < i < n. Thus to 
show H-S is connected it suffices to show that the points of N-S are all in one 
connected component of H-S where N = {l, 2,..., n]. If u $ S we are done. 
Assume u E S, and let j E N-S. 
CLAIM. Point j is connected in H-S to at least one other point of N-S. 
ProojI Since deg j > n in H, there is a point p adjacent to j with 
p E H-S. If p E N, we are done. If p $ N, there are disjoint pa.ths PI ,..., Pn 
in G from p to i for 1 < i < n. Since u $ Pi for every i, at most n - 2 points 
on these paths are in S. Thusp is connected to at least two points of N-S, and 
the. claim is proved. 
l3ow suppose H-S is not connected. Let y1 and yz be points of N-S in one 
component of H-S, and let z1 and zz be points of N-S in another component. 
Then ylq E E and yzzz E E. But this implies ylzz or yzzl is in N-E = F, and 
then yl, yz, z1 and z% are in the same component. This contradiction shows 
that H-S is connected. 1 
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